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Abstract. A quantum effect is an operator on a complex Hilbert space H that satisfies < A < I . 



We denote the set of all quantum effects by £{H). In this paper we prove. Theorem 4-3, on the 



theory of sequential product on £{H) which shows, in fact, that there are sequential products on 
£{H) which are not of the generalized Liiders form. This result answers a Gudder's open problem 
negatively. 
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' 1. Introduction 

p . 

. If a quantum-mechanical system S is represented in the usual way by a complex Hilbert 

space H, then a self-adjoint operator A on H such that < A < / is called the quantum 



effect on H ([1, 2]). Quantum effects represent yes-no measurements that may be unsharp. 
The set of quantum effects on H is denoted by £{H). The subset V^H) of £[H) consisting 
of orthogonal projections represents sharp yes-no measurements. Let T{H) be the set 
of trace class operators on H and S{H) the set of density operators, i.e., the trace class 
positive operators on H of unit trace, which represent the states of quantum system. An 
operation is a positive linear mapping <I> : T{H) T{H) such that for each T £ S{H), 
< tr[^{T)] < 1 ([3-5]). Each operation <I> can define a unique quantum effect B such 
that for each T G T{H), tr[<^{T)] = tr[TB]. 

Let B{H) be the set of bounded linear operators on H, the dual mapping <I>* : B{H) — s- 
B{H) of an operation $ is defined by the relation tr[T^*{A)] = tr[^{T)A], A G B{H),T G 
T{H) ([4]). The effect B defined by an operation $ satisfies that B = <^*{I) ([5]). 

For each P G 'P{H) is associated a so-called Liiders operation : T PTP, its dual 
is (<I>£)*(A) = PAP and the corresponding quantum effect is ($£)*(/) = P. These 
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operations arise in the context of ideal measurements. Moreover, each quantum effect 
B G £{H) gives to a general Lxiders operation : T B^TB^ and B is recovered as 
($£)*(/) =B as well. 

Let $i,<l>2 be two operations. The composition <I>2 o <I)]^ is a new operation, called a 
sequential operation as it is obtained by performing first $i and then <1>2. In general, 
^2 o 7^ $1 o Note that for any two quantum effects B,C (z £{H) we have 
($£ o $f )*(/) = B^CB^ ([5,^26-27])- It shows that the new quantum effect B^CB^ 
yielded by B and C has important physics meaning. Professor Gudder called it the 
sequential product of B and C, and denoted it by BoC. It represents the quantum effect 
produced by fist measuring A then measuring B ([6-8]). This sequential product has also 
been generalized to an algebraic structure called a sequential effect algebra ([7]). 

Now, we introduce the abstract sequential product on £{H) as following: 

Let o be a binary operation on £{H), i.e., o: £{H) x £{H) £{H), if it satisfies: 

(51) . The map B ^ Ao B is additive for each A G £{H), that is, if i? + C < /, then 
{Ao B) + {Ao C) < I and {Ao B) + {Ao C) = Ao {B + C). 

(52) . IoA = Afova\lAe £{H). 

(53) . If o S = 0, then AoB = BoA. 

(54) . liAoB = BoA, then Ao {I - B) = {I - B) o A and Ao {B o C) = {Ao B) o C iov 
aU C G £{H). 

(55) . liCoA = AoC,CoB = BoC, then C o {Ao B) = {Ao B) o C and 
C o {A + B) = {A + B) o C whenever A + B<I. 

If £{H) has a binary operation o satisfying conditions (S1)-(S5), then {£{H),0,I,o) is 
called a sequential operator effect algebra. Professor Gudder showed that for any two 
quantum effects B and C, the operation o defined hy BoC = B^CB^ satisfies conditions 
(S1)-(S5), and so is a sequential product of £{H), which we call the generalized Liiders 
form. In 2005, Professor Gudder presented 25 open problems about the general sequential 
effect algebras. The second problem is: 

Problem 1.1 ([9]). Is B o C = B^CB^ the only sequential product on £{H)1 

As we see the five properties arc base on the measurement logics and the the uniqueness 
property has been asked many times in Gudder's paper. In this paper, we construct a 
new sequential product on £{H) which differs from the generalized Liiders form, thus, 
we answer the open problem negatively. 
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2. Sequential Product on £{H) 

In this section, we study some abstract properties of sequential product o on £{H). For 
convenience, we introduce the following notations: If A, B G S{H), we say that A® B is 
defined if and only if A + B < I and define A® B = A + B; ifAoB = BoA,we denote 
A\B . 

Lemma 2.1. UA,Be £{H),a G [0,1], then 

Ao{aB) = a{AoB). 

Proof. It is clear that for a = 1, the conclusion is true. If a > is a rational number, i.e., 

n 

a = ^, where n, m are positive integer, it follows from (Ao^B) = AoB that Ao(^B) = 

i=l 

m 

^{AoB),thus, Ao{fB) = Ao(iS) = ^(AoB). If a G [0,1] is not a rational number, 

i=l 

then for each = ^ > awehave q{AoB) = Ao(qB) = Ao[{q-a)B]+Ao{aB) > Ao{aB), 
so q{A o B) > A o [aB). Let q —> a we have a(A o B) > A o [aB). Similarly, we can get 
that A o {aB) > a{A o B) by taking q = ^ < a. So A o (aB) = a{A o B). Moreover, it 
follows from the proof process that for a = the conclusion is also true. 

Lemma 2.2 ([9], Theorem 3.4 (i)). Let A G S{H) and E G V{H). If A<E, then A\E 
and E o A = A. 

Lemma 2.3. If a G [0, 1], E G V{H), then aI\E and (al) oE = Eo (al) = aE. 

Proof. Since aE < E, so aE\E and E o E = E hy Lemma 2.2, it follows from E = 
E ol = {E o E)®{E o{I - E)) = E®{E o{I - E)) that E o {I - E) = note that 
E o {a{I -E))<Eo{I-E)=0,soEo {a{I - E)) = 0, thus, it follows from (S3) that 
E\a{I — E), moreover, by (S5) we have E\a{I — E)® aE = al, so, it follows from Lemma 
2.1 and Lemma 2.2 that (a/) oE = Eo (al) = a{E o I) = aE. 

Lemma 2.4. If £), F G V{H), < F and < o < 1, then E\aF and E o {aF) = aE. 

Proof. It follows from E < F that I — E>I — F> a{I — F), by Lemma 2.2 and Lemma 
2.3, we have I - E\a{I - F) and I-E\{1- a)I, thus, I - E\a{I - F)®{l-a)I = I - aF, 
it follows from (S4) that E\I — aF and so by (S4) again that E\aF, moreover, by Lemma 
2.1 and Lemma 2.2, we have {aF) oE = Eo (aF) = a{E o F) = aE. 

Lemma 2.5. If F G V{H),A G £{H),{) < a < 1 and A < F, then aE\A, and {aE)oA = 
A o {aE) = aA. 
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Proof. It follows from Lemma 2.2 that A\E, so by (S4) we have A\I — E. Since Ao E = 
A = Aol = AoE®Ao{I-E), so Ao{I-E) = 0. Note that Ao{a{I-E)) < Ao{I-E), 
we have A o {a{I - E)) = 0, so A\a{I - E). 

Let {Ex} be the identity resolution of A and denote 

An=y^ ^{Ei+i - Ei), 
i=0 

2" 

-Bn = / 7:~ (E i — Ei-1 ) . 
i=l 

Note that A G £(-&), so = when A < and E\ = I when 1 < A. Moreover, for each 
n G N, A„ < ^n+i, Bn+i < Bn, and when n -> oo, - ^|| -> 0, - A|| ^ ([10]). 

Let < 6 < 1. Then it follows from Lemma 2.1 and Lemma 2.3 that 

i=l 

2"-l 

= YA{E^+l -Ei)=hAn 
i=l 

and 

(67) o S„ = bBn. 

Note that ^ > At, so {hi) o A> {hi) o An = hAn- Let n ^ oo. Then {hi) o A>hA, do 
the same with{S„}, we get (6/) o A<hA, so (6/) o A = hA = Ao {hi). That is A\hl for 
each < 5 < 1, in particular, — a)I. Thus, it follows from ^[(1 — a)I + a{I — E) 
that A\I - aE, by (S4) we have A\aE, Hence, {aE) oA = Ao {aE) = a{A o E) = aA. 

Lemma 2.6. Let < a < 1 and ^, S G S{H). Then 

{aA) oB = Ao {aB) = a{A o B). 

Proof. It follows from Lemma 2.5 that {aA) o B = {A o (a/)) o B = Ao {{al) o B) = 
Ao{aB) = a{AoB). 

Lemma 2.6 showed that we can write a{A o B) for {a A) o B and A o {aB). 

In order to obtain our main result in this section, we need to extent o : £{H) x £{H) — > 
£{II) to £{II) X (S(i7) —>■ S{H), where S{II) is the set of bounded linear self-adjoint 
operators on H. 
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Let B G £{H), A e 5+ (if). Then there exists a number M > such that ^ G £{H). 
Now we define 

BoA = M(Bo—). 

If there is another positive number M' such that € ^i^), witliout losing generahty, we 
assume that M < M', thcnM'(5o^) = M'(So(^A)) = m'{^{Bo^)) = M{Bo^), 
this showed that B oAis well defined for each bounded linear positive operator A on H. 

In general, if ^ G «5(if), we can express A as Ai — A2, where Ai,A2 are two bounded 
linear positive operators on H ([10]). Now we define 

BoA = BoAi-BoA2. 

If A'^ — A^ is another expression of A with the above properties, then A1+A2 = A[ +A2 = 
K is a bounded linear positive operator on H. If take positive real number M such that 
§ G £{H), then B o {A^ + A',) = M{B o (^ + §)) = M{B o ^) + M{B o §) = 
B o Ai + B o A'2. Similarly, B o {A[ + A2) = B o A[ + B o A2. Thus, it follows from 
B o A[+ B o A2 = B o Ai + B o A'2, B o Ai - B o A2 = B o A[- B o A'2. This showed 
that o is well defined on £{H) x S{H). 

Prom the above discussion we can easily prove the following important result: 
Theorem 2.7. U B £ £{H), Ai,A2 G S{H) and a G M, then we have 

B o {Ai + A2) = B o Ai + B o A2, Bo {aAi) = a{B o Ai). 



3. Sequential Product on £{H) with d\m.{H) = 2 

In this section, we suppose that dim(i?) = 2. Now, we explore the key idea of constructing 
our sequential product. 

Lemma 3.1. If £; G V{H),B G £{H), then EoB = EBE. 

Proof. Since £' is a orthogonal projection on £{H) with dim(i/) = 2, so there exists 
a normal basis {61,62} of H such that E{ei) = XiCi, where Aj G {0,1}, i = 1,2. If 
Aj = 0, j = 1,2, then ^ = 0, if Aj = 1, i = 1,2, then E = I. It is clear that for ^ = 
01 E = I, the conclusion is true. Without losing generality, we now suppose that Ai = 1 

(1 o\ 

and A2 = 0, i.e., {E{ei),E{e2)) = (61,62) . Let 5 G S{H). Then we have 
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{B {ei) , B {62)) = (61,62) I I , where x,z EM. ([10]). Now we define two linear 

y z 

operators X and Z on H satisfy that 

(X(ei),X(e2)) = (ei,e2 

and 




(Z(ei),Z(e2)) = (ei,e2) 





z 

Then X = xE,Z = z{I - E) £ 8{H) and it follows from (SI) and Lemma 2.2 that 
E o X = X and £; o Z = 0. Denote 



{EoB{ei),EoB{e2)) = (61,62) 



fix,y,z) g{x.y.z) 



g{x.y.z) h{x,y,z) 



Since S{H) is a real linear space and by Theorem 2.7 that B ^ E o B is a real linear 
map of S{H) — > S(H), so /, g and h are real linear maps of vector (x, y, z) and / and g 
are real-valued functions of (x,y,z), thus, function f{x,y,z) must have the form ([10]): 
f{x,y,z) = kx + Iz + n{y + y) + im(y — y), where k,l,m,n G R. Let B = X and 
B = Z, respectively, it follows from E o X = X and E o Z = that I = 0,k = 1, 
so f{x, y,z) = X + n{y + y) + mi{y — y). Note that when B G S^{H), E o B should 
be a positive operator, so when x, ^ > and xz — |yp > 0, we have f{x,y,z) > 0. 
Take y e R, then f{x, y,z) = x + 2ny. Thus, when x, z > 0, y e R and xz — y^ > 0, 
/(x, y, z) = x + 2ny > 0. If n / 0, take y = — ^, x = I, z = then we have / < 0, this 
is a contradiction and so n = 0. Similarly, if m 7^ 0, take y = x = 1, z = we 

will get / < 0, this is also a contradiction and so m = 0. Thus, we have /(x, y, z) = x. 
Moreover, note that Eo{{I-E)oB) = {Eo{I-E))oB = OoB = = {{I-E)oE))oB = 
{I-E)o{EoB), as above, we may prove that {{I-E)o{EoB){ei),{I-E)o{EoB){e2)) = 

(61,62) I I = (61,62) I I , thus h(x,y,z) = 0. For each y G C, take 

\^ hix,y,z) J V ° ° / 

X = 1, z = then B is a positive operator, so o i? is also a positive operator, thus 
we have fh - j^j^ > 0. It follows from h = that g = 0, soEoB = X = EBE. 

Corollary 3.2. Let E G V{H),a G [0, 1] and A = aE. Then for each B G £{H), 
AoB = {aE)oB = a{EoB) = a{EBE) = a^EBa^E = A^BA^. 



Now, we prove the following important result: 
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Theorem 3.2. Let H he a complex Hilbert space with dim(ff) = 2, A, B £ £[H). 



62 





If {61,62} is a normal basis of H such that (A(6i), ^(62)) = (61,62) I I and 



(5(61), 5(62)) = (ei, 62) I I , then there exists a 6 eM. such that 



y z 



{AoB{ei),AoB{e2)) = (61,62) 



abe~^^y b^z 



Proof. Let {61, 62} be a normal basis of H such that (yl(6i), ^(62)) = (61, 62) 





62 



and (S(6i), 5(62)) = (61,62) I ^ I , where < a,6 < 1, < x,0 < z,0 < X2 - |y|2. 

y z 



Now we define a linear operator E on H such that (£'(61), £^(62)) = (61,62) 



A = a?'E + b'^{I -E). Denote {AoB{ei),AoB{e'2)) = (61,62) 



1 


then E € Vi^H). By Corollary 3.2, we can suppose a, 6 G (0,1] and a ^ h. Thus, 

f{x,y,z) g{x,y,z) 
g{x,y,z) h{x,y,z) 

where /, g, h arc real linear functions with respect to {x,y,z) G M x C x M and /, h take 
values in M. Since E o {Ao B) = {E o A) o B) = {E o {a'^E + b'^{I - E))) o B = a^{EoB), 
we have f{x, y, z) = c?x. Similarly, we have also /i(x, y, z) = }?z. Moreover, since 
E\E, E\{1 - E), by (S5), we have E\A, so by (S4), we have (/ - E)\A, thus, A o (xE) = 
xa^E, A o z{I — E) = zb^(I — E), this showed that g is independent of x and z, so 
g{x, y, z) = ay, where q € C On the other hand, if i? € S{H) is a positive operator, 
then A o B is also a positive operator, so for each positive number x and z, and each 
complex number y, when xz — \y\'^ > 0, we have a^b^xz — \ay\'^ > 0. Let x = 1, z = \y\'^. 
Then we get that 

0^62 _ |a|2 > 0. (1). 

Let B, C be two positive operators. We show that if both B < C and C < B are 
not true, then both A o B < A o C and A o C < A o B are also not true. In fact, 
let D = b^E + a'^{I - E). Then A\b^E + a^{I - E) = D&ndAoD = Ao {b'^E + 
a2(/ - E)) = a'^b'^I. So if A o B < AoC, then D o {A o B) < D o (AoC). But 
D o {Ao B) = {D o A) o B = a'^b^I oB = a'^b^B < D o {A o C) = a'^b^C, thus we wih 
have B < C, this is a contradiction. SoAoB<AoCis not true. Similarly, we have 
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AoC<AoBis also not true. 

Let y G C, y 7^ 0, e be a positive number satisfy that a?\y\ — e > 0. If we de- 
fine {B{ei),B{e2)) = (61,62) ^ | and (C(6i,C(e2)) = (61,62) ' ° | , then 

\ y \y\ J V ° V 

B,C ^ £{H), B < C and C < B are both not true. Thus we have both AoB < AoC and 
AoB < AoC are also not true, i.e., the self-adjoint operator AoB— AoC is not positive op- 

(a^lvl — e av 
ay b'^\y\ 

and a^|j/| — e > 0, b'^\y\ > 0, so we have b'^{a'^\y\ — e)\y\ — \ay\'^ < 0. Let e ^ 0, we get 
that |ayp > 6^a^|yp. Thus, we have 

lap > b^^ (2) 
It follows from (1) and (2) that lap = a^b^. So |a| = ab and a = abe"^^. 

4. A New Sequential Product on £{H) 

Theorem 3.2 motivated us to construct the new sequential product on £{H). First, we 
need the following: 

For each A € £{H), denote R{A) = {Ax,x G H}, N{A) = G H. Ax = 0}, Pq 



and Pi be the orthogonal projections on R{A) and N{A), respectively. It follows from 
A G £{H) that N{A) = N{A^I'^), so R{A) = R{A^/'^). Moreover, Pq{H)^Pi{H) and 
H = Po{H) (B Pi{H) ([10]). 

Denote fz{u) be the complex- valued Borel function defined on [0,1], where fz{u) = 
expz(lnn) if G (0, 1] and /2(0) = 0. Now, we define 

A^ = MA), A-'^ = f_,{A). 

It is easily to show that ||^'|| < 1, ||^~'|| < 1 and 

(A')* = A-\A'A-' = A-'A' = Pq. 



Theorem 4.1. Let if be a complex Hilbert space and A,BE: £{H). If we define 
AoB = A^/'^A'BA-'A^/'^, then o satisfies the conditions (S1)-(S3). 

Proof. If G £{H), note that ||A'|| < 1 and p-^|| < 1, we have 

Po^ll = \\A^/^A'BA-'A^/^\\ < p^/2||pi||p||p-i||pi/2|| < ^ 
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and 

< A^I'^A'BA-^A^/'^x,x>= 115^/2 A-MV2^|| > 

for sl\ X e H, so Ao B = A^/'^ A^BA'' A^/'^ is a binary operation on £{H). Moreover, 
it is clear that the map B ^ Ao B is additive for each A G £{H), so the operation o 
satisfies (SI). 

It follows from IoA = I^/'^PAI-^I^f'^ = A that o satisfies (S2). 

liAoB = A^/'^A^BA~^A^/'^ = 0, now, we represent ^ and 5 on = Pq{H) Pi{H) by 
^ I and I ^ ^ 1 ) then 

V » v 

so we have aI'"^ A^BiA-^'' A]/"^ = on Pq{H), i.e., {A\/'^ A[BiA'{'' aI'"^ x,x) = for each 
X G Pq{H). Note that R{A) = R{A^/'^) and is a unitary operator on Pq{H), so 
^(^^1/2^ is dense in Po(H), thus for each y G Po{H), there is a sequence {^n} ^ 
such that Zn Ay, so there is a sequence {xn} C H such that A^^'^Xn = Zn A^y. 
Let Xn = yn + Un, where y„ G Po{H),Un G Pi{H). Then ^-"^/^Xn = A^^'^yn- Thus, there 
is a sequence {yn} in Po{H) such that A^^'^yn = Zn ^ -^V- Note that ^* is a unitary 
operator on Pq{H), so we have A~M^/2y„ ^ y. But, 

\\B\'^A-^'A\'''yn\\ = {Ay^A\B,A^'Ay\rr,yn) = 0, 



so Bl^'^y = for each y G Po(^^), that is, bI^^ = 0. Since B G f (ff), so B2 = 0, ^3 = 0, 

S4 



thus we have 5=1^ ^ l,soBoA = sV2_b»^_b-»sV2 = q = A o B. This showed 



that o satisfies (S3). 

Theorem 4.2. Let be a complex Hilbert space with dim(i7) < 00, A,B e £{H). 
If we define AoB = A^f'^A'BA-^A^/'^, then Ao B = A^/'^ABA-'A^''^ = B o A = 
B^/^B'AB-'B^/^ if and only if AB = BA. 

Proof. Firstly, it is obvious that if ^5 = BA, then AoB = A^^'^ABA-'^A^/'^ = BoA = 
B^/^B'AB-'B^/^. Now, if A o B = A^I^ABA-'A^I'^ = B o A = B^/^B'AB~'B^/^, 
we show that AB = BA. Note that A G £iH) and dim(i^) < 00, so A has the form 

n n 

YjUiEi, where Yj Ek = I, ak > 0, Ek e ViH), Uk / 04, EkEi = for all k,l = 
i=l k=l 

1, 2, • • • ,n,k ^ I. Without losing generality, we suppose that < oi < • • • < a„. 
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then < \ay^fi{ai)\ < ■ ■ ■ < \al/'^ fi{an)\ since a^''^ = \al/'^ fi{ak)\- It follows from the 
operator theory that A^/^ = ^ al^'E^ and f,{A) = A' = J2 h{ak)Ek, f-i{A) = A'^ = 

k=l k=l 

E f-i{ak)Ek ([10]). Note that A^^A'BA-'A^/^ = B^/'^B'AB-'B^/'^, so for each xeH, 

k=l 

{A^/'^A^BA-^A^/'^x,x) = {B^/'^B'AB-^B^f'^x,x), thus we have 

||5l/2^-i^l/2^|| ^ pl/25-i5l/2^||_ (3) 

Take x G En{H), then A^/'^A~'''x = A~M^/^x = al/"^ f-i{an)x, note that |an/-j(an)| = 
\anfi{an)\ = l^nl, ^(-B) = R{B^/'^) and Z?^* is a unitary operator on R{B) and B~'^B^/'^ = 
B^/'^B-\ we have 

n 

fe=i 

n n 

J^afcll^feS^/'S-^xf < Y.'^nWEkB^'^B-'xf = 

k=l k=l 

an\\B^l^B-''^xf = \\a]^''B-^B^/^x\\'' = 
||ay25V\||2 = ||5V2^i/2^-Vf. 

Thus, it follows from equation (3), B^^B^''^ = B^/'^B~\ A'^A^I"^ = A^/'^A'' and < 
ai < • • • < a„ that for each A; < n, we have E^B'^/'^B'^x = 0, so B^/'^B'"^x G En{H). 
Thus we have E^B'^/'^B'^En = B^/^'^En- This showed that B^/^B-"- has the matrix 

(c d\ 

form \ on H = EJH) © (/ - En)(H), where C € B(EJH), EJH)), D G 

B{{I - En){H),En{H)),K e B{{I - En){H),{I - En){H)). Note that B e S{H), B 

m mm 

has the form ^ h^F^, and sVs^-i = ^ h'l'' U{hk)Fk, where E ^fc = > 0, 

A;=l A;=l 

Ffe G 6fc 7^ hu FkFi = for all A;, Z = 1,2,- ■■ ,m,k ^ I. Now we define a 

polynomial 

on C. It is easily to show that for each 1 < k < m, Gk{B^^'^B-'') = F^. Note that 5^25-' 
has the up-triangulate form, so Gk{B^/^B~'^) has also the up-triangulate form. But Fk 
is a self-adjoint operator, so F^ has the diagonal matrix form on En{H) © (/ — En){H). 
This implies that F^ commutes with E^ for each k, so B commutes with E^- Denote 
Aq = A — UnEn, then we still have Aqo B = Bo Aq as discussed before, thus we get that 
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B commutes with En-i- Continuously, we will have that B commutes with all and 
so with A. In this case we have Ao B = AB. 

Our main result is: 

Theorem 4.3. Let H he a complex Hilbert space with dim{H) < oo and A,B(^ ^{H)- 
If we define AoB = A^I'^A'BA-^A^I'^, then o is a sequential product on £{H). 

Proof. By Theorem 4.1, we only need to prove that o satisfies (S4) and (S5). In fact, 
if A\B, i.e., AoB = A^/^A^BA-'A^/^ = BoA = B^/^B'AB'^B^/'^, then it follows from 
Theorem 4.2 that A commutes with B and of course I — B, so A\I — B. If C G £{H), 
we have 



So (S4) is satisfied. 

Moreover, if C\B and C\A, then C{AB) = ACB = {AB)C, C{A e B) = (B + A)C, so 
it is easily to prove that C{A o B) = (Ao B)C, thus, by Theorem 4.2, we have C\A o B 
and C\(A © B) whenever A(B B is defined, this showed that (S5) is hold. 

By using Theorem 4.3 we can prove the following corollary: 

Corollary 4.4. Let H he a complex Hilbert space with dim(iJ) = 2, A,B e £{H). 
Take a normal basis {61,62} of H such that (A(6i), ^(62)) = (61,62) [ | and 



Ao{BoC)= AiA'B^B'CB-'BiA-'Ai 



= A2B2A'B'CA-'B-'A2B2 



= {AB)'2{AByC{AB)-'{AB)'2 



= (AB) oC = {AoB)oC. 









where ^ = Ina^ — ln6^; when a > 0, 6 = 0, define 
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when a = 0, 6 > 0, define 

{{AoB){ei),{AoB)ie2)) = {ei,e2) 
then o is a sequential product of £{H). 





b'^z 



Remark 1. In conclusion, we construct a new sequential product AoB = A^A^BA'^A^ 
on e{H) with dim(i7) < oo, which is different from the generalized Liiders form A^BA^ . 
In this proof we can also get a more general one Ao B = A's A^'^ B A"^^ A'2 for t E R. 
It indicates that with the measurement rule (S1)-(S5), there can be a time parameter t 
to describe the phase change. In particular, if dim(iJ) = 2, A e £{H) and {61,62} is a 

and a b, Corollary 4.4 showed that 9 = (Ina^ — ln6^)t can be used to describe the 
phase-changed phenomena of quantum effect AoB. As the proof showed, it is the only 
form that the sequential product can be. This is much more important in physics. 

Remark 2. As we knew, in the quantum computation and quantum information theory, 

n 

if {Ai)f^^ C B{H) satisfying ^ = I, then the operators {Ai)f^-^ are called the 

i=l 

operational elements of the quantum operation U : T{H) T{H) defined by 

n 

U{p) = Y,AipA\, 

i=l 

where T{H) is the set of trace class operators. Any trace preserving, normal, com- 
pletely positive map has the above form. This is very important in describing dy- 
namics, measurements, quantum channels, quantum interactions, and quantum error, 

n 

correcting codes, etc. If is a set of quantum effects with ^ Ai = I, then the 

i=l 

n 1 1 

transformation U'{p) = J2 P^J^' 

is a well defined quantum operation since 



n 1 i 
2 Ati A-tl A2 



A'^^AjA- M| = Yli = I- So this new sequential product yields a natural and 
j=i ■ ■ i=i 
interesting quantum operation. 

Remark 3. Theorem 4.3 indicates that the conditions (S1)-(S5) of sequential product 
of £{H) are not sufficient to characterize the generalized Liiders form A2BA2 of A and 
B. Recently, Professor Gudder presented a characterization of the sequential product of 
S{H) is the generalized Liiders form ([11]). 
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